The angular scattering of light from a homogeneous spherical particle in a zeroth-order Bessel beam is calculated using generalized Lorenz-Mie theory. We investigate the dependence of the angular scattering on the semi-apex angle of the Bessel beam and discuss the major features of the resulting scattering plots. We also compare Bessel beam scattering to plane wave scattering and provide criterion for when the difference between the two cases can be considered negligible.
Introduction
An accurate understanding of elastic light scattering by particles is important in many scientific fields. For over a hundred years, Lorenz-Mie theory (LMT)
1,2 has provided the foundation for qualitative and quantitative insight into a wide range of optical phenomena involving spherical particles, [3] [4] [5] [6] [7] among which the angular scattering of light has been one of the most important.
8,9
Computer code implementing LMT has been around for many decades (e.g. see Ref. 9, p. 477) and researchers can now calculate Mie coefficients in a computationally efficient manner.
However, even when restricted to the scattering of light by a spherical particle, calculations performed using the classical LMT may not accurately model experimental measurements. One of the most the common deficiencies of LMT is that the plane wave used in its formulation may not be suitable in describing the incident beam for the system of interest. This problem has been studied extensively, in particular for light scattering involving spherical particles in a Gaussian beam, and has led to the development of two popular theories which extend LMT to the case of an arbitrarily shaped beam. [10] [11] [12] [13] [14] [15] [16] [17] These theories are mathematically equivalent and in both cases beam-shape coefficients are used to decompose the incident beam into partial waves.
14 Generalized Lorenz-Mie theory (GLMT) 11,14-17 will be used throughout this work, although many of the calculations were also verified using the theory of Barton et al. 10, 12, 13 (as expected, results from both theories were identical).
Optical Bessel beams have several properties that make their use in the manipulation and control of micron and sub-micron particles attractive: pseudo-nondiffracting, strong confinement forces in the transverse plane, and self-reconstruction. [18] [19] [20] [21] [22] In the field of aerosol science, Bessel beams are very appealing for the study of single aerosol particles and instrumentation 2 incorporating such beams has been recently demonstrated. [23] [24] [25] [26] [27] [28] [29] However, there remains the need for an approach to accurately characterize a particle once it has been trapped in such a beam. For a homogeneous spherical particle the radius and refractive index must be accurately determined. Whispering gallery modes that appear in cavity enhanced spectra are well-suited for this task, 30, 31 but for sub-micron particles the spacing of these modes is often so large that the number of observable modes may be insufficient to simultaneously fit the refractive index and radius. While cavity enhanced Raman scattering has the requirement that the Raman bands are spectrally broad enough to contain an adequate number of whispering gallery modes, cavity enhanced fluorescence also has the limitation that particles will typically need to be doped with a dye and are susceptible to photobleaching.
In contrast, angular dependent measurements of elastic light scattering are not restricted in the above ways and can readily be made to determine the size of a sub-micron particle in an optical Bessel trap. we discuss systems of experimental interest to aerosol science and how the angular dependent scattering of a Bessel beam compares to that of a plane wave (Section 3.2). Finally, the suitability of approximating Bessel beam scattering with plane wave scattering for the purpose of characterizing spherical particles is examined (Section 3.3) and a new method for fitting both the radius and refractive index of a spherical particle is presented (Section 3.4).
2 Theory
In the non-paraxial (vectorial) description of a zeroth-order Bessel beam, the electric and magnetic fields (E and H) of the incident beam can be written as [20] [21] [22] 39 
For a Bessel beam of wavenumber k and semi-apex angle θ 0 , the longitudinal and transverse wavenumbers are k z = k cos θ 0 and k ⊥ = k sin θ 0 , respectively (Fig. 1) . Additionally, β = sin θ 0 /(1 + cos θ 0 ), ρ = x 2 + y 2 , and φ = arctan (y/x). The relationship between the field amplitudes E 0 and H 0 is E 0 /H 0 = µ/ where is the permittivity and µ is the permeability of the medium. The time dependent factor of e iωt associated with the fields is omitted in this work. Finally,x,ŷ, andẑ are unit vectors in the cartesian coordinate system.
Scattering calculations were performed using GLMT. 
where E rad and H rad are the radial components of the incident fields, j l are spherical Bessel functions, P |m| l are associated Legendre polynomials, and r is the radius at which integrals are evaluated. Eqs. 3 and 4 were evaluated numerically using r = (l + 1/2)/k.
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In GLMT, the scattering amplitudes S 1 and S 2 can be written as 11,14
where a l and b l are the Mie scattering coefficients (Ref. 9, p. 101)
and π |m| l and τ |m| l are the angular functions
In Eqs. 7 and 8, the relative refractive index is n = n s /n 0 where n s is the, in general, complex refractive index of the sphere and n 0 is the refractive index of the medium, the size parameter is α = ka where a is the radius of the sphere, and the functions ξ l = ψ l − iχ l , ψ l , and χ l are Ricatti-Bessel functions. The infinite series in Eqs. 5 and 6 were truncated at the integer closest to α + 4α 
In these equations the angle φ has been chosen so that the Bessel beam described by Eqs. 1 and 2 will be polarized either parallel (Eq. 11) or perpendicular (Eq. 12) to the scattering plane.
The scattering planes associated with i and i ⊥ are shown in Fig. 2a and b, respectively. Examining the angles of maxima in these slices, a peak always occurred at θ ≈ θ 0 except for small θ 0 . This peak is always one of the most intense maxima in a vertical slice and is often a global maximum at large θ 0 . In the classical LMT, one would not expect a peak other than at θ = 0 • , the forward scattering direction, to be the strongest in an angular scattering plot.
Results and Discussion

General features of Bessel beam scattering
This is because the scattering of a plane wave by a sphere will be by far the most intense in the forward direction, particularly for large size parameters (see Ref. 9, p. 115). While we are not dealing with plane wave illumination here, this result from LMT can provide an intuitive basis for understanding the Bessel beam scattering. A common description of a Bessel beam is that of a superposition of plane waves propagating on a cone with a semi-apex angle θ 0 (Fig. 1 ).
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Thus, the forward direction for such plane waves is not θ = 0
• but rather θ = θ 0 . With this description and a consideration of scattering results from LMT, it therefore seems reasonable to expect that the scattering of a sphere by a Bessel beam would be very intense at θ ≈ θ 0 .
The above results are not consistent with results recently presented by Li et al. 34 There, a similar trend was observed, but only for calculations where θ 0 < 42
• . At higher angles, the ridge was no longer located at θ ≈ θ 0 and instead was found at θ < θ 0 . The origin of the discrepancy between our results and those of Li et al. is the manner in which the calculations were performed. Li et al. derived an analytical formula for the beam-shape coefficients by solving Eqs. 3 and 4 with the fields in Eqs. 1 and 2 using the integral localized approximation.
Here, such an approximation was not used and Eqs. 3 and 4 were instead integrated numerically.
During testing we found that the beam-shape coefficients of Li et al. did not agree with the beam-shape coefficients found through numerical integration for cases outside of the paraxial limit. Therefore, there is most likely a problem with the beam-shape coefficients presented in
Ref. 34 and we recommend that their use be avoided.
A second feature of Fig. 3 is the undulation in scattered irradiance that occurs throughout both plots. For instance, these intensity variations lead to a checkerboard type pattern in the rectangular region of θ 0 = 25 to 50
• and θ = 130 to 155 • in Fig. 3a . Intensity undulations with similar periodicities are seen at all angles in both plots although they do not always form such visually distinct patterns. A vertical slice at any θ 0 always generates a scattering plot in θ that contains maxima and minima. Therefore, regardless of θ 0 , it should always be possible to determine the size of a particle using angular scattering. It is also interesting to note that taking a horizontal slice at a fixed θ and generating a scattering plot as a function of θ 0 would contain intensity undulations with similar periodicities to those of the vertical slices. As a result, it should also be possible to determine particle size by measuring the scattering at a fixed θ while θ 0 is varied. Such a measurement would be impractical with current instrumentation and it is much easier to take measurements over a wide range of θ at a fixed θ 0 . These measurements as a function of θ 0 will not be discussed any further here.
Comparison between plane wave and Bessel beam scattering
Angular scattering plots are shown in is considerably larger than the maximum θ 0 that has been used).
23-29
Our analysis will focus on the conditions under which the scattering in a Bessel beam deviates significantly from that of a plane wave. For small θ 0 , the first intensity minimum of the non-paraxial zeroth-order Bessel beam will occur approximately at the dimensionless
which corresponds to the first root of the zeroth-order Bessel function. The parameter r 0 = kρ 0 where ρ 0 is the radial distance between the centre of the beam and the first intensity minimum, which is commonly referred to as the central core size of a zeroth-order Bessel beam. 19, 42 The parameter r 0 is used here to define a scaled size γ = α/r 0 . As γ increases from zero to one, the size parameter of the sphere approaches the first intensity minimum of the Bessel beam and it is expected that the associated angular scattering will deviate significantly from that of a plane wave.
Pearson's correlation coefficients c were calculated between the angular scattering of a plane wave (θ 0 = 0 • ) and the angular scattering of Bessel beams with various θ 0 . For a data set containing N pairs (x i , y i ) the correlation coefficient is
In the analysis here, each (x i , y i ) consists of the scattered intensity of the plane wave and the Bessel beam at the same angle. The set (x 1 , y 1 ), (x 2 , y 2 ), . . . , (x N , y N ) spans the angular range of interest. Table 1 lists the correlations for all of the θ 0 = 0 • plots shown in Fig. 4 with their corresponding θ 0 = 0 • (plane wave) plot. In the following discussion, a value of c = 0.99900 is chosen to be the lower limit at which angular scattering for the Bessel system is no longer well described by plane wave scattering. In Fig. 4 , pairs of curves whose c is below this limit have shapes that are easy to distinguish visually from that of a plane wave as they contain shifts in extrema that are greater than 1
• . Notably, the parallel scattering component from a particle 
Fitting angular scattering using plane waves
The correlation between plane wave and Bessel beam scattering was investigated further by preparing a series of simulated angular scattering plots for a homogeneous sphere in a Bessel beam. Several sets of data were generated at θ 0 = 5 and 10
• for three different angular scattering ranges. Fig. 5 shows the relationship between the actual value of γ for the sphere in the Bessel beam versus the fitted value of γ found. The fitted value of γ was found by first maximizing c between the Bessel beam and plane wave scattering by varying a in the plane wave scattering calculation (n was fixed at 1.33), then dividing this value of a by the core size of the Bessel beam, ρ 0 (so technically a is fitted and γ is calculated from that result). For the angular range of θ = 0 and 180
• it can be seen that the fitting using plane wave scattering will be satisfactory up to γ 0.4 (for both values of θ 0 and either polarization). Beyond that point, though, the calculated values of γ begin to deviate from a straight line with a slope of one (the grey curves in Fig. 5) . Thus, at least in these two examples, fitting the angular scattering from a particle in a Bessel beam with λ = 532 nm using plane wave scattering would be satisfactory if a was known to be less than 
The mean correlation method for fitting radius and refractive index from angular scattering
The analysis performed in Fig. 5 was limited to cases where n is known during the fitting.
In many experimental situations, this information is not known and it will be desirable to simultaneously characterize both a and n using light scattering. The effect of θ 0 on such a fitting process is shown in Fig. 6 • , the fitting procedure is still able to provide a rough assessment of γ. However, this is not the case for the fitted values of n. The accuracy of the n fits is very poor across the entire range of γ used here. In fact, the accuracy would actually be worse if the search space for n had not been restricted from 1.25 to 1.40. It is also problematic that many of the best-fits that contain inaccurate values n also have c that are very close to one, so there is no simple way to disregard these values. Note that this result is not unique to the situation studied here (i.e. fitting Bessel beam scattering using plane 14 wave scattering) and similar difficulties are often encountered in a variety of situations when trying to characterize particles using angular light scattering. Consider an example where the incident beam is well-described as being a plane wave and the sphere has values of α and n that are similar to those studied here. If the scattering is fitted using LMT, under ideal conditions it is expected that there should be no difficulty in determining n. However, if the angular range used in the fitting contains a small systematic error (e.g. scattering is collected over θ = 69 to 109
• but is fitted using θ = 70 to 110 • ), then best-fits similar to those seen in Fig. 6 may be obtained. Therefore, even when fitting plane wave scattering using plane waves, it may not be possible to accurately determine n if there is a small error in parameters used to describe the system.
Here, we propose a different method to more accurately determine a and n. In a typical single particle experiment, multiple angular scattering plots (henceforth referred to as 'frames') will be collected over time as the particle size and composition evolves. We define c i (a i , n)
to be the maximized correlation between the observed and calculated angular scattering for frame i. The radius a i is the value of a that maximizes the correlation for frame i at a fixed n. When the same n is used across all N frames, the set of maximized correlations will be N (a N , n) . The mean of this set of maximized correlations is then
The refractive index of best-fit can then be found by maximizingc(n) with respect to n. Note that for each value of n, an entirely new set of c 1 (a 1 , n), c 2 (a 2 , n), . . . , c N (a N , n) must be calculated.
To investigate the accuracy of Eq. 15, angular scattering by a sphere in a Bessel beam was simulated for systems where n = 1.33 and λ = 532 nm. Four sets of frames were generated at θ 0 = 5 and 10
• across an angular range of θ = 70 to 110
• for both parallel and perpendicular polarizations. For the two sets of frames where θ 0 = 5 • , the range of a was 500 to 1500 nm and, for the two sets of frames where θ 0 = 10 • , the range of a was 250 to 750 nm. In all sets, frames were generated across their respective ranges of a in steps of 1 nm. Fig. 7 showsc(n) for these simulated sets of frames when they are fitted using plane wave scattering. For θ 0 = 5
• , the values of n that maximizec(n) are 1.3308 and 1.3408 for the parallel and perpendicular polarizations, respectively, and, for θ 0 = 10 • , 1.3486 and 1.3206 for the parallel and perpendicular polarizations, respectively.
In contrast to the method of maximizingc(n), the fitting method in Section 3.3 determines the a and n of best-fit in each frame independently of the other frames. As was shown in Fig. 6 , this leads to significant scatter in the best-fits for n. However, it may be possible that if averaging is then performed across all frames results similar to maximizing Eq. 15 will be obtained. To investigate this, the same sets of frames were fitted using the method described in Section 3.3. When the n of best-fit from each frame are averaged, the following results are obtained: for θ 0 = 5 • , the average n of best-fit is 1.3290 for the parallel polarization and 1.3454 for the perpendicular polarizations and, for θ 0 = 10 • , the average n of best-fit is 1.4573
for the parallel polarization and 1.3590 for the perpendicular polarization. Therefore, when determining the n of best-fit from multiple angular scattering plots, maximizing Eq. 15 does offer improvements to accuracy over the method described in Section 3.3.
Thus far we have restricted our discussion to spheres where n is independent of volume. For many systems this will not be true (e.g. a hygroscopic droplet that varies in a and n as the relative humidity changes). To treat such cases, it necessary to first express n as a function of a,
Then, the maximized mean correlation will be a function of the parameters n 0 , n 1 , n 2 , . . . , n j :
In order to maximizec(n 0 , n 1 , n 2 , . . . , n j ) a j-dimensional search must be performed. We are currently implementing such fitting methods for studies involving the hygroscopic behaviour of inorganic aerosols.
Conclusion
Elastic light scattering for a homogeneous sphere in an optical Bessel beam was investigated using GLMT. It was found that angular scattering was always very intense at θ ≈ θ 0 . Undulations in scattered intensity occurred as both a function of θ and θ 0 . Correlation coefficients between the angular scattering of a Bessel beam and a plane wave were also calculated for several systems. A key conclusion is that when the ratio of the sphere size to the core size of the Bessel beam is less than ∼ 0.75, the angular scattering of the Bessel beam correlated strongly to that of a plane wave provided that (i) θ 0 is not too large, (ii) light is collected over an angular range found in typical experiments, and (iii) the relative refractive index of the particle is known. Finally, the characterization of spherical particles (determination of both radius and relative refractive index) using angular light scattering was discussed and a mean correlation In both calculations, α = 30 and n = 1.33. Best-fits were then found using plane wave scattering and by varying a until c was maximized.
For presentation here, all a are converted to γ. Fittings were performed for both parallel and perpendicular polarization. Grey lines are drawn to guide the eye to where the points should fall if the fitted γ matches the actual γ. The method for generating angular scattering plots is identical to that which is described in the caption of Fig. 5 . Best-fits were found using plane wave scattering and by varying a and n until c was maximized. For presentation here, all a are converted to γ. The Bessel beam angular scattering plots were generated using λ = 532 nm and n = 1.33 over a range of a = 500 to 1500 nm for θ 0 = 5
• and a = 250 to 750 nm for θ 0 = 10 • (in both cases using a step size of 1 nm). Calculations were performed for both parallel and perpendicular polarization. Grey lines are added to both plots to indicate the location of the actual n. 
